Abstract. In [dFH09], de Fernex and Hacon started the study of singularities on non-Q-Gorenstein varieties using pullbacks of Weil divisors. In [CU12], the author of this paper and Urbinati introduce a new class of singularities, called log terminal + , or simply lt + , which they prove is rather well behaved. In this paper we will continue the study of lt + singularities, and we will show that they can be detected by a multiplier ideal, that they satisfy a Bertini type result, inversion of adjunction and small deformation invariance, and that they are naturally related to rational singularities. Finally, we will provide a list of examples (all of them with lt + singularities) of the pathologies that can occur in the study of non-Q-Gorenstein singularities.
In [dFH09] , de Fernex and Hacon started the study of singularities on non-QGorenstein varieties using pullbacks of Weil divisors. In this work they introduce a notion of log canonical, log terminal, canonical and terminal singularities in this context. In [Urb12a] , the author gives some first examples of the possible pathologies that can arise in this context, for example a variety with canonical but not log terminal singularities ([Urb12a] , 4.1, example 2.22 below). In [Urb12b] , the author proceed with his study of non-Q-Gorenstein canonical singularities, and their relation with divisorial models. In [CU12] , the author of this paper and Urbinati introduce a new class of singularities, called log terminal + , or simply lt + , which they prove is rather well behaved. For example, the canonical algebra R(X, K X ) is finitely generated in this case ( [CU12] , 5.10, theorem 2.21).
In this paper we will continue the study of lt + singularities, and we will show that they there exists a multiplier ideal detecting them (corollary 3.3), that they satisfy a Bertini type result (theorem 3.5), inversion of adjunction (theorem 3.8) and small deformation invariance (corollary 3.12), and that they are naturally related to rational singularities (theorem 3.15). Then we will focus on examples and their meaning. We will provide new examples of possible pathologies for the study of singularities in the non-Q-Gorenstein case. Interestingly enough, all the examples that we provide are of singularities which are lt + . The main point is that these pathologies occur even for singularities that are very well behaved. Moreover, as it is argued in [CU12] , lt + singularities seems to be the largest class of singularities, at the moment, where it is possible to run a "non-Q-Gorenstein MMP without boundaries". Therefore, the examples presented here are to be considered as a cautioning collection for everyone interested in the project.
We will recall the definition of the main objects, and some recent results in section 2. We will also notice that, under some restrictive conditions, the restriction of a pullback of a Weil divisor to a fiber is always numerically antieffective (corollary 2.28). The general situation seems to be more complicated, and it is briefly discussed in remark 2.31.
In section 3 we will prove several properties of lt + singularities. We will show the existence of a multiplier ideal J + (X) (definition 3.1 and lemma 3.2) which detects lt + singularities.
Theorem 1.1 (Corollary 3.3). Let X be a normal variety. Then X has lt + singularities if and only if J + (X) = O X .
Moreover, we will prove a Bertini type theorem.
Theorem 1.2 (Theorem 3.5). Let X be a normal variety having lt + singularities. Then the generic hyperplane section of X has lt + singularities.
We will also prove inverse of adjunction.
Theorem 1.3 (Theorem 3.8). Let X be a normal variety, and let S be an effective (normal and reduced) Cartier divisor in X having lt + singularities. Then X has lt + singularities in a neighborhood of S.
As immediate consequence of these two results we obtain the invariance under small deformations. Corollary 1.4 (Corollary 3.12). Let f : X → T be a proper flat family of varieties over a smooth curve T and t ∈ T a closed point. If the fiber X t has lt + singularities, then so do the other fibers near t.
Finally we will prove the following relation between lt + singularities and rational singularities.
(F1) If each f ♮ (mD)/m F ∼ Q Γ m , for some divisor Γ m , it does not make sense to talk about an infimum of the Γ m 's, as they are defined as Q-linear classes (see remark 2.6). So, we cannot compute the restriction of the pullback as a limit. We point out, that it will not be, in general,
Since we are working with a limiting process, and linear equivalence is not preserved in the limiting process, we should expect that f
We will discuss each of this conditions, providing examples. Another approach to the non-Q-Gorenstein case is to use boundaries, and work in a log setting. This approach is the most commonly used, and in [dFH09] the authors relate some of the singularities they are defining to the log ones ([dFH09], 7.2). The basic idea is to compare a discrepancy of X for a sufficiently high resolution with the discrepancy of a pair (X, ∆) for a suitable boundary ∆. This approach seems to fail if the resolution is given, and we will also study this case. Section 4 will be focused on examples. To be more emphatic on how careful we have to be when dealing with lt + singularities, we will show an example (example 4.7) where K We will show an example (example 4.1) of a cone X, where, if f : Y → X is the blow-up of the vertex, with exceptional divisor E, f
We will also show an example (example 4.8) of a cone X and a divisor T ′ on X, such that, if f : Y → X is the blow-up of the vertex, with exceptional divisor E, f
Finally, in section 4.3, we will give an example of a blow-up of a vertex of a cone f : Y → X, with Y smooth, where K − m,Y /X > −1 (so as to suggest that X has log terminal singularities), but where for any choice of compatible boundary ∆ on X (with ∆ a cone), f is not a resolution of the pair (X, ∆). In particular, we can conclude that X has lt + singularities, but we cannot conclude that it has log terminal singularities (in the sense of [dFH09] ).
In section 5, we will interpret the above results, proving a new result, and reproving, with direct methods, a result of [BdFF12] . Namely, we prove Theorem 1.6 (Theorem 5.1). Let X be a (projective) cone over a smooth projective variety, and let us assume that X is normal; let f : Y → X be the blow-up of the vertex, and let E be the exceptional divisor of f . Let D be a Weil divisor on X.
and Corollary 1.7 (Corollary 5.3, [BdFF12] , 2.29). Let X be a (projective) cone over a smooth projective polarized variety (V, L), and let us assume that X is normal; let f : Y → X be the blow-up of the vertex, with exceptional divisor E. Let D be a Weil divisor on X. The following are equivalent
In particular, in any of the above cases, f * (D) is a Q-divisor.
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Some general results
2.1. First definitions. All the definitions and results in this part are of [dFH09] . Unless otherwise stated, all varieties are normal over C and all divisors are Weil divisors. At times, when no confusion is likely, we will use the expression divisor for an R-Weil divisor, that is, R-linear combinations of prime divisors. Let X be a normal variety. A divisorial valuation on X is a discrete valuation of the function field k(X) of X of the form ν = qval F where q ∈ R >0 and F is a prime divisor over X, that is a prime divisor on some normal variety birational to X. Let ν be a discrete valuation. If I is a coherent fractional ideal of X (that is, a finitely generated sub-O X -module of the constant field K X of rational functions on X), we set
Definition 2.1. To a given fractional ideal I we can associate a divisor, called the divisorial part of I , as
where the sum runs over all the prime divisors on X; equivalently, div(I ) is such that
De Fernex and Hacon show ([dFH09], 2.8) that, for every divisor D on X and every m ∈ Z >0 , mν
Definition 2.3. Let D be a divisor on X and ν a divisorial valuation. The valuation along ν of D is defined to be the above limit
Definition 2.5. We define the pullback of D along f as
where the sum runs over all prime divisors on Y . Equivalently,
Remark 2.6. When we talk about an infimum of divisors, we have to be very careful if we are considering the divisors as Weil divisors, or as numerical (or as linear) classes. In the latter case, the infimum is not well defined. For example, on
if a divisor appears in the sequence, is with coefficient 1/d, and then does not appear anymore. If we had chosen C 1 ∼ Q C d /d as representatives of the terms of our sequence, the infimum would have been C 1 , and clearly C 1 is not Q-linearly equivalent (or even numerically equivalent) with 0.
We notice that the evaluation along ν and the pullback above defined agree with corresponding notions in the case that the divisor D is Q-Cartier.
Proposition 2.7 ([dFH09], 2.4 and 2.10). Let ν be a divisorial valuation on X and let f : Y → X be a birational morphism from a normal variety Y . Let D be any divisor let C be any R-Cartier divisor, with t ∈ R >0 such that tC is Cartier.
(a) The definitions of ν(C) and f * (C) given above coincides with the usual ones. More precisely,
Moreover,
(b) The pullback is almost linear, in the sense that
We observe that when working with natural valuation and natural pullback, the above properties are no longer true for R-Cartier divisors which are not Cartier, see [dFH09] , 2.3. For example it may happen that 2C is Cartier, but ν
Lemma 2.8 ([dFH09], 2.7). Let f : Y → X and g : V → Y be two birational morphisms of normal varieties, and let D be a divisor on X. 
As shown by [dFH09] (and as from the definitions), for all m, q ≥ 1,
Definition 2.10. Let ∆ be a boundary on X and let f : Y → X be a proper birational morphism. The log relative canonical Q-divisor of (Y, f
where f −1 * ∆ is the strict transform of ∆ on Y .
Remark 2.11. With the same computation as [dFH09] , 3.9, we find that, if ∆ is a boundary for X and m ≥ 1 is such that m(K X + ∆) is Cartier,
is Cartier and ∆ is effective, we have
Definition 2.12. Let Y → X be a proper birational morphism with Y normal, and let F be a prime divisor on Y . For each integer m ≥ 1, the m-limiting discrepancy of F with respect to X is
We recall that, from [KM98] , if ∆ is a boundary for K X , we have
The next definition is of the author and Stefano Urbinati in [CU12] .
Definition 2.13 ([CU12], 4.3).
The variety X is said to be satsfy condition M ≥−1 (resp. M >−1 , resp. M ≥0 , resp. M >0 ) if there is an integer m 0 such that a m (F, X) ≥ −1 (resp. > −1, resp. ≥ 0, resp. > 0) for every prime divisor F over X and m = m 0 (and hence for any positive multiple m of m 0 ).
Theorem 2.14 ([dFH09], 7.2, [CU12] , 4.5). A variety X satsfies condition M ≥−1 (resp. M >−1 , resp. M ≥0 , resp. M >0 ) if and only if there is an effective boundary ∆ such that (X, ∆) is log canonical (resp. Kawamata log terminal, resp. canonical, resp. terminal).
Proof. In [dFH09] , the result is proven only for the conditions M ≥−1 and M >−1 , but the same proof verbatim works for the other two cases as well.
Definition 2.15 ([dFH09]).
A variety X is said to have log terminal singularities if it satisfies condition M >−1 .
Log terminal
+ singularities. The definitions and results in this section are of the author and Stefano Urbinati. 
Definition 2.17 ([CU12], 5.2). Let X be a normal variety. we say that X has log terminal + , or simply, lt + , singularities if a + (F, X) > −1 for all prime divisors F , exceptional over X.
Lemma 2.18 ([CU12], 5.4). Let X be a normal variety, and let f : Y → X be a log resolution, i.e. the exceptional locus of f is a simple normal crossing divisor. If a + (E, X) > −1 + ε for all prime exceptional divisors E on Y , for some ε > 0, then a + (F, X) > −1 + ε for all prime divisors F exceptional over X. In particular, then, X is lt + .
Notice that the hypothesis of this lemma is satisfied if a + (E, X) > −1 for all prime exceptional divisors E on Y , since there are only finitely many such divisors.
Proposition 2.19 ([CU12], 5.6). Let X be a normal variety. Then X is lt + if and only if there exists ε ∈ Q, ε > 0, such that, for all sufficiently divisible m ≥ 1, and for all resolutions of X,
where F Y is the reduced exceptional divisor of f . 
is finitely generated. In this case, moreover, X is klt if and only if R(X, −K X ) := ⊕ m≥0 O X (−mK X ) is finitely generated. 
coefficient-wise. By lemma 2.25, the left hand side is bigger or equal than the right one, since
To finish the proof, let ∆ ∈ D D such that m(D + ∆) is Cartier. As in remark 2.11 for the particular case of the relative canonical divisor,
Corollary 2.28. Let f : Y → X be a proper birational morphism between normal varieties, with Y smooth. Let D be a Weil divisor on X, and let E be any normal component of the exceptional divisor which is also a fiber (if it exists). The restriction of f * (D) to E is numerically antieffective.
Proof. By the above lemma 2.25,
where ∆ m are weak m-compatible D-boundaries, which are effective by construction. For each m,
Taking the limit, we get the desired result.
Remark 2.29. As discussed in (F3), we do not know that the restriction to a fiber of f * (D) will be R-linearly equivalent to an antieffective divisor.
Notice that we have the following example.
Example 2.30 ([dFH09], 2.3). Let X ⊆ A 3 be the cone over a conic, X = {x 2 + y 2 = z 2 }, let f : Y → X be the blow-up of the vertex, with exceptional divisor E. Let L be a line passing thorugh the origin. Notice that L is Q-Cartier, but not Cartier. In this case f
Remark 2.31. A word of caution is required. The behavior in general of the restriction of the pullback of a Weil divisor to a fiber is extremely unclear. Even assuming that we are working in the case of a resolution (restricting Weil divisors is not necessary possible), the positivity of the restriction is not a given. In the previous corollary 2.28, for example, a key point is that E being a divisor, it cannot be contained in the support of f −1 * ∆ m . In this particular case we see that the restriction of the fibers of the pullback is "negative". More evidence of this is given by the construction of the nef envelope by [BdFF12] (we refer to the article for the definitions). Roughly speaking, to an R-Weil divisor D, they associate a b-divisor Env X (D), which is nef over X and whose determination on a model π : X π → X corresponds to −π ♮ (−D). However, this "negativity" of the pullback does not happen when we consider the restriction to fibers which are not themselves divisors. Let D be a Weil divisor on X such that R(X, D) is finitely generated, and let f : Y = Proj X R(X, D) → X. This is the situation of flipping contractions, for example. In this case f is small and f
is Q-Cartier and f -ample. Thus, for any curve C in the fiber of f , f
There is another generalization of [dFH09], 5.4. This is very similar to [Cho11], 2.9, but there is done for K X and K S .
Lemma 2.32. Let X be a normal variety and let S ⊆ X be a normal (effective) Cartier divisor in X, and let f : Y → X be a proper birational morphism. Then there exists a weak m-compatible (−K X )-boundary ∆ on X such that ∆ S is a weak m-compatible (−K S )-boundary. Moreover, f and ∆ can be chosen so that ∆ and ∆ S are m-compatible.
Proof. Let us fix some notation. Let T := f −1 * S and let g := f T : T → S, which is still proper birational.
Let D be an effective divisor such that
and L S ⊗ O S (−mD S ) are generated by global sections, and let G be a general element in the linear system {H ∈ |L | , H − mD ≥ 0}, which we can assume reduced and having no common components with D and S. Let M = G − mD and
As in the proofs of 
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3. Some properties of lt + singularities 3.1. Multiplier ideal. We will show the existence of a multiplier ideal which detects lt + singularities.
Definition 3.1. Let X be a normal variety, and let f : Y → X be a log resolution of X. We can define the ideal
is effective and g-exceptional [dFH09], 2.13; thus, the result follows as in the usual setting of multiplier ideals.
, which is effective and g-exceptional [dFH09], 2.13. We have the equalities
by the projection formula. We are done if we prove that
Notice that we reduced to considering a map between smooth varieties and suppf
by [Laz04] , II.9.2.19. Remark 3.4. As shown in lemma 2.25, for each m ≥ 2, we can find an antieffective compatible boundary ∆ m on a log resolution f : Y → X of (X, ∆ m ) such that K + m,Y /X = K ∆m Y /X . So, a priori, we could construct multiplier fractional ideals for each m for the pair (X, ∆ m ) and then do a limiting process on these multiplier ideals, as it was done in [dFH09], 5.5, to construct multiplier ideals for the log terminal singularities. However, there are two issues with this approach. The first one is that, since K + mq,Y /X ≤ K + m,Y /X , such limiting multiplier ideal should be a minimal element, and not a maximal one (in the collection of multiplier ideals for each m). Hence, there is no guarantee that it exists. The second problem is that, even when such minimal ideal exists, it may not detect the singularities, as example 4.7 shows. Indeed, in that case, for each m the multiplier ideal associated to (X, ∆ m ) would be O X since, for any log resolution Y → X, K + m,Y /X > −1. Indeed, any log resolution would factor through the blow-up of the vertex of the cone Z → X and g : Y → Z, and
3.2. Bertini type theorem.
Theorem 3.5. Let X be a normal variety having lt + singularities. Then the generic hyperplane section of X has lt + singularities.
Proof. Let f : Y → X be any log resolution of X. Then, for a generic hyperplane section S of X, S will be normal and T := f −1 * S = f * S will be smooth. Moreover, the map g := f T : T → S will be a log resolution. By lemma 2.32, for each m ≥ 2, we can find (−K X )-boundaries ∆ m on X such that 
Notice that, since f and g are log resolution, the above discrepancies are computed directly by looking at the orders of K Similarly, we can prove the following.
Proposition 3.6. Let X be a normal variety having canonical (resp. terminal) singularities. Then, the generic hyperplane section of X has canonical (resp. terminal) singularities.
Corollary 3.7. Let X be a normal variety having terminal singularities; then X is regular in codimension 2. Let X be a normal variety having lt + singularities; then X is Q-factorial in codimension 2.
Proof. By taking hyperplane sections (and using induction on dimension), we reduce to the case dim X = 2. Let f : Y → X be any proper birational map. [dFH09] , 7.13, if X is terminal (resp. lt + ) this is equivalent to satisfying condition M >0 (resp. M >−1 ). Therefore X is smooth (resp. Q-factorial).
Inversion of adjunction and small deformations.
Theorem 3.8. Let X be a normal variety, and let S be an effective (normal and reduced) Cartier divisor in X having lt + singularities. Then X has lt + singularities in a neighborhood of S.
As in the usual inversion of adjunction for klt singularities, [KM98] , 5.50, this result relies on the following connectedness theorem. Lemma 3.10. Let X be a normal variety, and let S be an effective (normal and reduced) Cartier divisor in X. Let f : Y → X be a log resolution of (X, S), which restricts to a log resolution g := f T : T → S, T := f −1 * S. Let ∆ be an effective divisor such that K X − ∆ is Q-Cartier, and let ∆ S = ∆ S . If the discrepancy of (S, −∆ S ) relative to g is bigger than −1, then so is the one of (X, −∆ + S) with respect to f in a neighborhood of S.
where all the coefficient in F are bigger or equal than −1, and all the coefficients of A are strictly bigger than −1. Moreover, T + F − A is snc, and F is effective.
Restricting the above identity to T , we obtain
The discrepancy of (S, −∆ S ) (with respect to g) is bigger than −1 if and only if F ∩ T = ∅, while the discrepancy of (X, −S + ∆) (with respect to f ) is bigger than −1 if and only if
is f -nef. By theorem 3.9, each x ∈ S has an open neighborhood
Moving x ∈ S, we obtain the claim.
Remark 3.11. Notice that in the statement we do not assume that the maps f and g are resolutions of the pairs (X, −∆ + S) and (S, −∆ S ), so that the discrepancies relative to f and g are not necessarily the discrepancies of the pairs (i.e., non necessarily those pairs are log terminal).
Proof of theorem 3.8. Let us fix a log resolution f : Y → X of (X, S), which restricts to a log resolution g := f T : T → S, T := f T /S and S has lt + singularities, the discrepancy of (S, −∆ m,S ) with respect to g is bigger than −1. By lemma 3.10, the discrepancy of (X, −∆ m + S) with respect to f is bigger than −1. As S is Cartier and effective, the discrepancy of (X, −∆ m ) with respect to f is bigger than −1. More precisely, we have
As in the proof of lemma 3.10, in this case the coefficients of the discrepancy of (S, −∆ m,S ) (with respect to g) are exactly the ones of the discrepancy of (X, −∆ m + S) in a neighborhood of S (with respect to f ). As the
has all coefficient strictly bigger than −1, so has
(in a neighborhood of S). Thus X has lt + singularities in a neighborhood of S (proposition 2.18).
As immediate corollary of theorem 3.8 we have deformation invariance.
Corollary 3.12. Let f : X → T be a proper flat family of varieties over a smooth curve T and t ∈ T a closed point. If the fiber X t has lt + singularities, then so do the other fibers near t.
Proof. The technique of this proof is standard (see, for example, [KS12] , 4.2). By theorem 3.8, X has lt + singularities near X t . Let Z be the non-lt + locus of X, which is closed in X. Since f is proper, f (Z) is a closed subset of T not containing t. By restricting T to an open set, we may assume that X has lt + singularities. By theorem 3.5, all fibers over nearby points of t ∈ T have lt + singularities.
3.4. Rational singularities. We start by recalling the definition of rational singularities.
Definition 3.13. Let X be a variety. X is said to have rational singularities if for a resolution f : Y → X (or, equivalently, for all resolutions)
We have the following useful characterization of rational singularities (see for example [Kol97] , 11.9) Theorem 3.14 (Kempf's criterion). Let X be a normal variety and f : Y → X a resolution. Then X has rational singularities if and only if f * ω Y = ω X and X is Cohen-Macaulay.
The next result is in the line of various results, which relate log terminal singularities and rational singularities.
Theorem 3.15. If X has Cohen-Macaulay and lt + singularities, then it has rational singularities.
Proof. Let Y be any resolution. For each prime divisor E in Y exceptional over X,
is an integral divisor, we have that
As in the proof of [dFH09] , 8.2 (see remark 2.20), this is equivalent with the con-
Pushing forward on X this inclusion (f * is left exact) we obtain
Notice that, if F is a torsion-free sheaf on a normal variety X subsheaf of K X and f : Y → X is any proper birational morphism, then
We have natural maps
The composition above is an isomorphism at the generic point of X, and thus the kernel must be torsion. As F is torsion-free, the above composition is injective. In our case, we have the natural inclusion
We have the chain of inclusions
which proves f * ω Y = ω X . As X is Cohen-Macaulay, X has rational singularities. Remark 3.16. As previously observed, this is just one of the several results relating log terminal singularities and rational singularities. The first one is Elkik's theorem, [Elk81] , which says that, Q-Gorenstein log terminal singularities are rational. More generally, [KM98] , 5.22, dlt singularities are rational. We recall that also log terminal singularities in the sense of [dFH09] are rational ([dFH09], 7.7).
Of particular interest is also the following result of de Fernex and Docampó Alvarez ([dFDÁ12], 7.2). Let X be a (normal) variety such that rK X is Cartier, and let d X denote the lci defect ideal of X. Then if X has rational singularities,
The converse holds if X is Cohen-Macaulay. We refer to the paper of de Fernex and DocampoÁlvarez for all the relevant definitions.
Remark 3.17. The assumption of Cohen-Macaulay is necessary. The example 2.22 has lt + singularities but it is not Cohen-Macaulay. This phenomenon is similar to the one happening in the case of Jacobian singularities (see previous remark). In the result [dFDÁ12], 7.2, the assumption of Cohen-Macaulay for the converse direction is essential as well.
Some examples
In this section, we limit ourselves to some examples; the theoretical discussion will follow in the next section. For the first example, we will write the entire computation. The other examples use the same ideas.
First example.
Example 4.1. Let us consider the (1 : 2) embedding of P 1 × P 1 in P 5 ; let us call it Z. Let X ′ = C(Z) ⊆ A 6 be the affine cone over it, and let X = C(Z) ⊆ P 6 be the projective cone. Notice that the singularities of affine and projective cones are the same.
Let us fix some notation. Let f 1 = P 1 × {pt} and f 2 = {pt} × P 1 and let L ≡ f 1 + 2f 2 be the ample divisor giving the embedding. The divisor group of P 1 × P 1 is generated by f 1 , f 2 and we have f 1 .f 2 = 1, f 2 1 = f 2 2 = 0. Let f : Y → X be the blow-up of the vertex of the cone, which is a log resolution of X, and let E be the exceptional divisor. . Let V be a smooth variety, and let L be a very ample line bundle on V determining an embedding V ֒→ P n , and let X be the projective cone over it. Let us assume that X is normal. Let f : Y → X be the blow-up of the vertex, with exceptional divisor E. Then
Proof. This is a particular case of claim 5.2,
Proof of 4.3. Notice that, since
which is effective as long as s ≥ −1. Therefore, with the notation of the lemma, t = −1 and ord
, and X has limiting canonical singularities.
Notice that, for all m ≥ 1, and each ∆ such that m(K X + ∆) is Cartier, Proof. The basis of the cone is P 1 × P 1 , and each effective divisor on P 1 × P 1 is Q-linearly equivalent to a smooth one.
Corollary 4.6. With the notation of 4.1, f * (K X ) E ∼ Q −f 1 , which is neither R-linearly equivalent nor numerically equivalent to 0.
4.2. Three more examples. With the techniques of the previous example, we can study three more examples. The computations are the same as before, and thus left to the reader.
Example 4.7. Let L = O P 1 (3), and let π :
Then V is an elliptic surface, and K V ∼ f , where f denotes the fiber [Mir89] , III.1.1. Since the sheaf of (local) sections of π is L [Har77], Ex II.5.18(2), which has global sections, there exists a section s :
, VII.1.1 and VII.1.3. Moreover, if V η is the general fiber of π, Pic(V ) → Pic(V η ) is surjective, with kernel generated by classes of vertical divisors [Mir89] , VII.1.5. Notice that, in particular, since Pic(P 1 ) ∼ = Z, the kernel of the restriction Pic(V ) → Pic(V η ) is generated by the class of f .
If we choose L on V to be L ∼ f + e i P i , where e i P i , e i > 0, is ample on the elliptic curve V η , L will be ample on V . Then, as long as
However, as soon as s < 0, sL + K V ∼ Q (s + 1)f − e i P i which cannot be linearly equivalent to an effective divisor. Thus, Example 4.8. Let (E , O) be an elliptic curve with an embedding in P n such that the cone over it is normal, and let X be the projective cone over E . Let P be a point on E with infinite order, and let T = P − O. Then T is non-torsion, but T ∈ Pic 0 (E ), T ≡ 0. Let f : Y → X be the blow-up of the vertex of the cone, with exceptional divisor E. Let C T be the cone over T in X. The computation in claim 5.4 shows that f
The cone over an elliptic curve is not log terminal, however, we can use this idea to give an example of such a phenomenon on an lt + variety. For example, if X is the cone over E × P 1 in [Urb12a], 4.1 (see example 2.22), then we can consider the cone over T ′ = T ⊠ O P 1 , where T ∈ Pic 0 (E ). If f : Y → X is the blowup of the vertex of X, with exceptional divisor E, we have an example of a divisor C T ′ on a variety with lt + singularities, such that f
Example 4.9. The formula in claim 5.2 gives us a nice way of creating examples. Let V be the (2 : 3) embedding of P 1 × P 1 in P n , and let X be the projective cone over it. It can be checked that X is normal. The above mentioned formula gives
giving an example of a singularity log terminal and canonical (in the sense of [dFH09] ), but with K − Y /X less then 0, hence not admitting an effective boundary ∆ such that (X, ∆) is canonical (in the usual sense).
4.3. Last example. Finally, we will show an example of a cone over a smooth variety where by simply looking at boundaries that are cones and at the blow-up of the vertex, we cannot determine the singularity. We remark that the technique used to compute K − Y /X in this example was used by [Urb12a] , and in the first example of this section, and in the example right above.
First we will identify the hypothesis that we need.
Example 4.10. Let V be a variety, ∆ be a divisor on V , and n a positive integer such that (a) V is smooth Fano; (b) ∆ is effective and, for each m ≥ 0, all the divisors in the linear system |m∆| have singularities worst than normal crossing; (c) −nK V − ∆ is very ample and, for each ε > 0,
As mentioned in the introduction, finding such a Fano variety in low dimension seems a hard task. We could not find any such examples in dimension 3 or less. The example we found is in dimension 4. We will discuss this later. Now we will show why the above hypothesis are useful. Proof. Notice that condition (a) is used to guarantee the existence of a positive n such that −nK V − ∆ is very ample.
As in 4.
is Cartier, and the cone over ∆ is a boundary. Thus, for 1||m,
Let C Γm be an effective boundary computing the discrepancy, and a cone over a divisor Γ m in V . The divisor Γ m will have to be Q-linearly equivalent to ∆ (or to some multiple), and thus a singular non-nc divisor, by condition (b). But then the blow-up of the vertex is not a log resolution of the pair (X, C Γm ). Now we will discuss of how to realize such a Fano variety (and such ∆). We will give two examples. The first one is a simplified version of the second one, which is of [AW98] .
Example 4.13. Let V 1 → P 4 be the blow-up of a point. Let S 0 ∼ = P 3 be the exceptional divisor. Notice that V 1 has a natural structure of P 1 -bundle over P 3 , V 1 ∼ = P(O ⊕ O(1)). Let H be the pullback on V 1 of an hyperplane section in P 3 .
Then L = 2H + S 0 is base point free. Let B ∈ |2L| be a smooth general member, and let V → V 1 be the double cover ramified over B. There is a natural map V → P 4 , which admits Stein factorization V → Z → P 4 . The first map in the Stein factorization is a divisorial contraction, while the second map is generically 2 : 1. Let E be the exceptional divisor of V → Z.
It is just a computation to check that V is a smooth Fano variety. Explicitely, K V is the pullback of −3H − 2S 0 .
We claim that we can choose a smooth B such that E is singular. Indeed, E is the double cover of S 0 ramified over B ∩ S 0 . The divisor B ∩ S 0 ∈ |O P 3 (2)|, and we can choose it to be a degree 2 cone of equations x . Since E is an exceptional divisor, for any m ≥ 0, |mE| = {mE}. Condition of (c) is the last thing to be verified. This again can be directly checked. We have that L = −nK V − E is very ample for n ≥ 2. For the last condition of (c), the key point to notice that, if D ∼ Q −( 1 n + ε)E + nεK V , then f * D = −αS 0 − βH, with α, β > 0, and thus f * D can not be effective. But then D cannot be effective.
In conclusion, V and ∆ := E satisfy the conditions of 4.10.
Example 4.14 ([AW98], 3.5.4). Let V 1 → P 3 be the blow-up of P 3 at one point, and let S 0 be the exceptional divisor of the blow-up. The variety V 1 has a P 1 -bundle structure V 1 = P(O ⊕ O(1)) → P 2 ; let H be the pullback via this map of the line. Let Y be the product V 1 ×P 1 , with projections p 1 and p 2 . Let L := p * 1 (S 0 +2H), and let B be a smooth divisor in |2L|. As above, we can consider the 2 : 1 cover V → Y , ramified over B, and consequently the Stein factorization V → Z → P 3 × P 1 . The morphism V → Z is a divisorial contraction of a divisor E which is mapped to P 1 . From the theory of 3-dimensional good contractions, [Mor82] , we know that the generic fiber of E → P 1 is either a smooth quadric or a quadric cone. In the latter case, with a similar computation to the one above, it can be checked that the pair (V, ∆ := E) satisfies the conditions of 4.10.
The meaning of restrictions
Theorem 5.1. Let X be a (projective) cone over a smooth projective variety, and let us assume that X is normal; let f : Y → X be the blow-up of the vertex, and let E be the exceptional divisor of f . Let D be a Weil divisor on X. Then f * (D) E ∼ R 0 if and only if D is Q-Cartier.
Proof. Let us fix the notation. Let V be a smooth variety, let L be a very ample line bundle on V giving an embedding V ֒→ P n , and let X ⊆ P n+1 be the projective cone over it. We are assuming that X is normal. We have that V ⊆ X as section at infinity.
Let D be a Weil divisor in X. Since X is a projective cone, by [Har77] , exercise II.6.3, D ∼ C D|V the cone over the restriction of D to V . The pullback of [dFH09] 
